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CONDITIONS FOR THE EXISTENCE OF DISCONTINUITY SURFACES
OF IRREVERSIBLE STRAINS IN ELASTOPLASTIC MEDIA

A. A. Burenin, O. V. Dudko, and K. T. Semenov UDC 539.374

Constraints are obtained on the stresses of a plastically compressed elastoplastic medium at which
the occurrence of discontinuities of irreversible strains is possible. The loading surfaces are taken to
be piecewise linear closed surfaces. Velocities of motion of irreversible-strain discontinuity surfaces
are calculated.
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Introduction. Existence conditions and propagation mechanism of discontinuity surfaces of irreversible
strains (dissipative shock waves) are necessary elements in the formulation of boundary-value problems of irreversible
deformation dynamics and are a subject of continuous interest [1-8]. In model relations it is difficult to use rough
loading surfaces with irreversible changes in volumetric strains taken into account. Strain discontinuities that arise
in this case are combined, and the conditions for their occurrence differ greatly depending on what points of the
loading surface correspond to prestress. The present paper considers piecewise linear loading surfaces.

1. Basic Relations of the Model. Let the strains admitted by an elastoplastic medium be small, i.e., let
the strain tensor components e;; be given by the relations

eij = (Ui +uji)/2 = €f; +ef;, (1.1)

where u; are the components of the displacement vector of points of the medium and e;; and efj are the reversible
(elastic) component and irreversible (plastic) component of the total strain, respectively.
The stresses o;; in an isotropic medium are related to the reversible strains ef; according to Hooke’s law
0ij = Aegplij + 2peg;.
Irreversible strains e ; begin to accumulate in a deformable medium when the stress states reach the loading
surface:
f(s)(o'ij,'r) =k, k=const, s=1,2, ... . (1.2)

The constant k is usually identified with the yield point, and the strain history parameters 7; are described by a
kinetic equation, for example, in the form [9, 10]

tj= Al éb . (1.3)

Using the Mises maximum principle [relations (1.2) become a plastic potential in this case] and according to
the associated plastic flow law, the plastic strain rate is given by the relation
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Let the loading surface be given by the relations
max o, —ojl/2+qr =k (i#j), o+p(r)=0; (1.4)
max |o; — o| + qo = 2k/3, o+ p(r) =0, (1.5)

where o; are the principal values of the stress tensor, ¢ = (01 + 02 + 03)/3, and k and ¢ are constants of the
elastoplastic medium; the function ¢(7) is specified on the basis of experimental data.

In the space of principal stresses, relations (1.4) specify the Coulomb-Mohr pyramid for which the shift of
the base depends on the value of the single parameter of the strain history 7. We note that in [10], this parameter
was taken to be the density of the medium, and in [9], it was volumetric strain.

The loading surface (1.5) differs from a Coulomb—Mohr pyramid only in that its base is the hexagon of the
maxim reduced shear stress rather than the hexagon of the maximum shear stress. Conditions of the maximum
reduced shear stress were apparently first formulated by Ishlinskii [11]. The properties of model systems of equations
obtained under these conditions were studied by Ivlev and coworkers [12]. Therefore, the plasticity condition (1.5)
used in this paper will be called the Ishlinskii-Ivlev pyramid. As in ideal plasticity theory, which ignores irreversible
volume changes, these piecewise linear loading surfaces have extreme properties [12, 13]. If, in the equations of these
surfaces, the constants k and ¢ are identical and the same experimental dependence p(7) is used, all the possible
nonconcave loading surfaces are located between the Coulomb—Mohr and Ishlinskii-Ivlev pyramids. In particular,
among such loading surfaces is the classical surface represented by the Mises—Schleicher cone.

In each flat region of the loading surfaces (1.4) and (1.5), as well as on the edges and at the angular points
of these surfaces, the above relations, together with the equations of motion of an elastoplastic medium

Tijj + PXi = pUi (1.6)
make closed systems of equations. In relations (1.6), x; are the body-force distribution densities and v; are the
displacement velocity components of points of the medium (v; = ;).

2. Relations on Discontinuity Surfaces. Let a strain-discontinuity surface X(¢) move at a constant
velocity ¢ in a deformable elastoplastic medium which occupies volume V. The surface X(t) divides the volume V'
into two parts: Vi and Vo (V = Vi 4 Va); the surface S bounding the volume V' is also divided into the parts S
and Sy (S = 51 + 52). We assume that the surface X(¢) moves in the direction of its positive unit normal v from
Vi in V5.

The parameters of the stress—strain state and motion of the points of the medium, which are continuous in
V7 and V5 and undergo a discontinuity on X(¢), should satisfy the discontinuity compatibility conditions.

The conservation laws imply the following dynamic compatibility conditions for the stress discontinuities
and displacement velocities:

[oilv; = —pclvil,  loijuilv; + pe(lvivi] + 2[W])/2 = 0. (2.1)
Here square brackets denote a jump of a quantity on the surface X(¢): [m] = m*™ —m™ [m™ and m™ are the
values of the quantity ahead of and behind the surface X(t), respectively]; W is the mass density of the internal-
energy distribution. The kinematics of the moving discontinuity surfaces also imposes constraints on the possible
discontinuities [v;] = —c[u; ;]v; (Hadamard condition).
According to the elastoplastic model, the medium must have only one source of internal energy — irreversible
strain (the thermal conductivity of the medium is neglected). Then, for the discontinuity [IW], we obtain

eff
p[W] = 9 [Uijefj] — / Oij defj. (22)
ePt

(%)

In view of relation (2.2), the energy conservation law on X(¢) [the second condition in (2.1)] becomes

er;

1

5 pelvivi] + [o3vi]v; + 5 cloijes;] — ¢ / oijdef; = 0. (2.3)
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Using the kinematic compatibility condition for Hadamard discontinuities, from relation (1.1) we have

leij] = —([vilv; + [vj]vi) [ (2¢) = [ef;] + [e}}]- (2.4)
According to the Betti theorem, the stress and reversible strains across the surface 3(t) are linked by the
relation J;; le5;] = eff [0i;]; with the use of the above relation, formula (2.4), and the first equality in (2.1), condition

(2.3) is reduced to the form

el
+ — “
ol +o0, .
v 2 w [ei)J] = — / Uij defj (25)
el

ij

For the power of the surface forces, we write the following relations:

/UijUiNj dsS = /UijUiNj dS-F/O’ijUiNj dS—I—/O'Z-;U;l/j dS—/U;;U;er dS—F/[UZ’j’Ui]Vj ds
S S1 Sa b)) z b))

= /(aijvi),j dV—I—/(crijvi),j dV-F/[O’ij’Ui]l/j dSz/pvi 881; dV-F/,OUi 881; dV-F/O’ijUi,j dV+/aijvi,j dV

i Vs P Vi Va Vi Va

1 0 . 0 .
— /pxwi av — /pxl-vl- dv + /[Uijvi]yj ds = ) {/ ot (pvivi + aije;) dV + / ot (pvivi + oijeg;) dV}
2 Vi V2

1% V2
d 1
+/Uij5§)j dV—F/O’m-E% dV—/pXi’Ui dV+/[Uijvi]Vj dsS = dt/2 (PUiUi‘FUijefj)dV
Vi Vo 14 > \%

2 gi-ef,

+/0ij£fj dV — /pxivi dV + / (pc [vl;l] —l—c[ J2 i + [oijvi]uj) dv.
v v b

Taking into account relations (2.3) and (2.5), we finally obtain

d 1 : » 5+ %% 1
dt / 9 (pl]i’Ui + crijeij) dV + /O’ijfij dVv —/ 9 [eij] dsS = /UijUiNj ds + /pxwi dVv. (26)
v % b s v
Equality (2.6) is an extension of the velocity equation from [12; 13] to the case of propagation of a strain discontinuity
surface in a body. Equality (2.6) is easy to extend to the case where several, rather than one, discontinuity surfaces
are present in volume V. We note that equality (2.6) is a consequence of the conservation laws under the assumption
that the strains admitted by the medium are small and the relationship between the stresses and reversible strains
is linear; the plastic flow model is insignificant in this case.

According to equality (2.6), the power of the external action on the body (the right side of the equality) is
expended in changing the kinetic and potential energy of the body (the first terms on the left side) and in producing
internal energy in the volume and on the discontinuity surfaces (the second and the third terms on the left side,
respectively). According to the mechanical meaning, the last two terms on the right side of Eq. (2.6) should be
positive. From equalities (2.3) and (2.5), it follows that the mechanical meaning of the last term on the left side (2.6)
is an irreversible source of internal energy on the surface %(¢). The equation of possible powers which is similar to
(2.6) but does not contain the term due to the internal-energy source on the irreversible-strain discontinuity surface
is commonly used to prove that the stress and stress-rate distributions are unique in elastoplastic bodies [13]. To
extend the conclusions of [13] to the case of presence of irreversible-strain surfaces in elastoplastic body, one needs
additional conditions. As such a condition we use the extension of the Mises maximum principle to the dissipative
process on X(¢): as the irreversible strains on the discontinuity surface vary from the value efj"’ to the value efj_,
the stresses vary so that the product (a;; + cri;)[efj] takes the maximum value for all possible stresses that satisfy
the conditions f (S)(a;;, ) < k and f (5)(013,7'_) = k. This condition, which is a natural extension of the Mises
maximum principle to shock-wave processes ([e};] # 0) is the classical maximum principle when a;; tends to the
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value o;; and [ef;] becomes é}; = ¢;. Tt has been shown [4] that the extremality condition of the stress-strain

states on the discontinuity surface, which is similar to the extension of the maximum principle given above, implies
invariance of the principal axes of the stress tensor across the discontinuity surface 3(¢). This result underlies all
conclusions [4] on the existence conditions and propagation mechanisms of strong-discontinuity surfaces. Later, the
invariance of the principal directions across a strong discontinuity surface was inferred using the extreme conditions
of shock-wave transition formulated differently [5-8, 14].

3. Discontinuities For the Ishlinskii—Ivlev Yield Conditions. To write the relations on the discon-
tinuity surface, we assume that it is a thin transition layer of thickness 2h in which the medium has only plastic
properties. We assume that the stress state corresponds to the face of the Ishlinskii-Ivlev pyramid (1.5) over the
entire transition layer. In this case, for all cases of the stress state, the following relations hold:

(2+q)or + (¢ — 1)(02 + 03) = 2k; (3.1)

(g —2)o1 + (g +1)(02 + 03) = 2k. (3.2)

The choice of one of the equalities (3.1) or (3.2) concretizes the face. The solutions on the other faces are the same
up to the redefinition of the principal stresses.

Integrating the equations of motion (1.6) in the transition layer with the use of the associated plastic flow
law and other dependences of the model, it is possible to obtain relations for discontinuities; for example, if the
condition (3.1) is satisfied, we have

—c([o1)lily + [o2]mim; + [o3]ning) = (A[vi] = n®)di; + p([vilv; + [v;]vi) — 3ulil; @,
(1 = pe)[vi] = (nvi + 3plils)® + (A + p)[slvs = 0, (33)

2+ g)lo1] + (¢ = D([o2] + [o3]) = 0,

where
P 3
q):/¢d$3, n= 2)\q+u(q—1), lilj—l—mimj—i—nmj:éij,
“n

— p _
Oij = Ullilj + oomim; + ozn;ng, € =

VLl + ebmymy + ehnn;.

In relations (3.3) and everywhere below, the coordinate system is chosen so that the x3 axis is normal to the
surface X(¢) and the 1 and zo axes satisfy the condition lo = 0.

With the use of relation (3.2), Eq. (3.3) and the system of discontinuity equations imply the possibility of
the existence of longitudinal dissipative discontinuities ([v1] = [v2] = 0 and [vs] # 0). Such discontinuities exist if
the normal to the discontinuity surface is collinear to one of the principal axes of the stress tensor. For the velocities

of motion of these surfaces, the following relations are valid:

2k g(BA+ 6 +4n) + 6N+ 12+ 27 62_2u (I—=¢q)(3Xx—2n)
3p q(n+p) +2p ’ 3p q(n+p)+2u

)

2 M a(=BA+ 20+ ) + 6A+ 8y — 21 2= 20 (L a)(BA+ 4u +2n)
3p q(n+p) +2p ’ 3p an+p)+2p

Eliminating the plastic compressibility (¢ = 0) from these relation, we obtain the well-known values ¢ = (3\ +

51)/(3p) and ¢* = (3X +2u)/(3p).

We consider the case of the existence of combined dissipative discontinuities ([v1] # 0, [v2] = 0 and [vs] # 0)
which move at velocities lower than the velocities of elastic shear waves. From system (3.3) and its analog for the
case of using relation (3.2), we have

1. 122

= 9 [’Ul] lllg (34)
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For the combined discontinuities to exist, it is necessary that the conditions my = +1 or ny = +1 be satisfied,
i.e., it is necessary that the normal to the discontinuity surfaces should be orthogonal to one of the indicated principal
axes of the prestress tensor. The propagation velocities of such discontinuities can have the following values:

1-—- A—2 A
2 M (1—¢q)(3X\ —2n) at ® =2y N M
p (=3 +2n) + 12X+ 9 — 21 3p+2n
1 3\+4 2 A
2 (1+q)(3A +4p+ 2n) at = 2fug] " TH
p qBAN+4p+2n) + 12X+ 13+ 21 w20

We note that, depending on the type of preliminary stress state, this discontinuity can lead to an increase
or a decrease in the strain due to shape and volume changes. As ¢ — 0 (transition to plastic incompressibility), the
velocities of these discontinuities have the single value

2 M 3N+ 2
op 12A 11y’

Let the relations for the plastic flow in the transition layer be closed by the condition specifying that the
stress state belongs to the face of the Ishlinskii-Ivlev pyramid. With accuracy up to redefinition of the principal
stresses, this condition can be written as

o1—0+qo=0—03+qo =2k/3.
In this case, the system of discontinuity equations becomes

—c([o1](lily +mim;/2) + [o3](mim; /2 + ning)) = Nvi]di; + p([vilv; + [v5]vs) + Bijs
(1= pe®)[vil + (A + p)[vslvi + Bia = 0, (3.5)

(g + Dfo1] + (¢ — 1)[o3] =0,
where

Bij = —(3/2)Aq0ij (1 + P2) — pdij((q — 1)@y + (g + 1)P2) — 3u(P1lil; — Panyny),

h h
i =/¢1 dxs, Oy = /¢2d$3~
—h —h

From (3.5), it follows that, under these conditions, only the longitudinal discontinuities of the surfaces ([vi] =
[v2] = 0 and [v3] # 0) can exist. For such dissipative discontinuities to exist, it is necessary that the normal to the
discontinuity surfaces be collinear to one of the principal axes of the stress tensor. In this case, the result is similar
to the result obtained with irreversible compressibility neglected [14]. The difference is only due to the refinement
of the value for the propagation velocities of such discontinuities:

o 3A+2u 2 P BAF2)(@=1)? o p BA+2u)(g+1)7

ST o230 T T p @BA+2) 4307 C T p (BN +2u) + 30

Eliminating plastic compressibility (¢ = 0) from these relation, we obtain the well-known value ¢ = (3 +2u)/(3p)
[4, 7].

If the stress state ahead of the discontinuity surface and in the transition layer correspond to the edge of the
pyramid formed by the intersection of its face and base, conditions (3.1) and (3.2) should be supplemented by the
requirement o = —p(7). Then, the system of discontinuity equations [an analog of (3.3)] includes the experimentally
obtained function ¢(7), which is considered known in this paper. However, it should be noted that the conditions
on the preliminary stress state for the occurrence of dissipative discontinuities remain the same as those on the edge
of the pyramid. In the case of a combined discontinuity, relations (3.4) remain valid. The transition of the stress
state from the face to the edge influences the propagation velocities of possible discontinuities. Thus, in the case
of a longitudinal discontinuity which also exists if the normal to the discontinuity surface is collinear to one of the
principal axes of the stress tensor, we have
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2= A A BA+2p)(g - 1)? 2 A (BA+21)(A9'g(g+ 1) — p) + A (3A + 5)

P 0 ’ P 0 ’
2= A A BN+ 2p)(g +1)? 2= BN+ 2m)(Ap’g(g = 1) — p) — AP/ (3A+ 5)
P 0 ’ P 0 ’

0 = 3¢2A¢’ (3N + 2p) — 8% — 12u(\ — Ay'),

where the parameter A is an invariant tensor A;; (1.3) which depends on the strain history [15].
In the case of a combined discontinuity which arises if one of the relations ms = 1 or ny = +1 is satisfied,
we obtain two values for the propagation velocities of the possible discontinuities, depending on whether face (3.1)
or (3.2) is used, respectively:
2ok A’ (3A +2p) (g — 1)°

—p (3 +2u)(q Ay’ — 2qA¢" — p) + A’ (12X + 11p)

2ok Ap' (3N +2p)(q + 1)?
p (BA+2u) (g2 A’ + 2qA¢’ — ) + A@’ (12X + 11p)
Let the stress state of the medium correspond to the singular point of the pyramid formed by intersection of
its edge and bottom. In the case considered, only longitudinal discontinuities can propagate; they exist only if the
normal to the discontinuity surface is collinear to one of the principal axes of the stress tensor. The propagation

velocities of such discontinuities are given by the relations
oM Ag' (3 +2p) o AP BN+ 2u)(g - 1)

T BAT (A — ) +3uAe” T p (B 2u)(q2 Ay — ) + BuAy!
4. Discontinuities For the Coulomb—Mohr Yield Conditions. Let the stress state correspond to
the face of the Coulomb-Mohr pyramid (1.4) over the entire transition layer. The equation of each face (up to
redefinition of the principal stresses) can be written as

(0'1 —03)/2+q<7:k. (41)
In this case, the system of discontinuity equations on (¢) becomes
—c(o1lily + [o2]mim; + [o3]ning) = (Avs] — (A + 201/3)q®)di; + p([vilv; + [v5]vi) + p@(ning — Lily),
(1= p) il + (A + p)[valvi — a(A + 2/3)Pv; + p®(ning — Lilz) = 0, (4.2)

(1/2+q/3)]o1] + qlo2]/3 + (=1/2+ ¢/3) 03] = 0.

As in the case of Ishlinskii-Ivlev pyramid, system (4.2) admits the existence of longitudinal and combined
discontinuities.

The propagation velocities of longitudinal discontinuities ([v1] = [v2] = 0 and [vs] # 0) take the values
2= F 2420+ 3)(3A 4 20) +9(A + 1) 2 1A BAE20) 9N+ p)
3p q>(BXN+2u) + 3u ’ 3p @B A+2u)+3u
2 M 2a(2q = 3)(3A+2p) + 9(A + p)
3p ?(BA+2u) +3p '

Ignoring irreversible compressibility (¢ = 0), we obtain the well-known value ¢ = (X + pu)/p [14].
The constraints on the jumps of the displacement velocities [v;] on the surfaces of the combined discontinuities
become 1 1—2n2 1 1212
— o _
[v2] =0, [os] =, [v1] 2 or [us] =[] '
2 Lils

nonsg 2
Thus, two of the three possible propagation velocities of combined discontinuities are given by

2k (4¢% + 12q + 9)(3X + 2u) 2k (4¢% — 12q + 9)(3X + 2u)
p 4q(q+3)(BN+2u) + 9(4\ + 3u)’ p 4q(q—3)(BN+2u) + 9(4\ + 3u)”

Ignoring irreversible compressibility (¢ = 0), we obtain the well-known value ¢ = (11/p) (3 + 2u) /(4 + 3p) [14].
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In the case of a combined discontinuity, the third velocity admitted by system (4.2) is of interest since it is
possible only in a plastically compressible medium (g # 0):

2
5 W q* (BN +2p) A p
¢ p BN+ 2u)+ 9N+ p) o [va] g(3A+2p)

Let the stress state in the transition layer correspond to the edge of the Coulomb-Mohr pyramid (1.4). All
possibilities that arise in this case are exhausted (up to redefinition of the principal values of the stress tensor) by
the conditions

(01 —03)/2+ qo = (01 —02)/24 qo = k. (4.4)
In this case, the system of discontinuity equations becomes

—c([o1]lilj + [o3](mim; + ning)) = Nvs]di; + plv;]vi + Bij,
(1= pe®)[vil + (A + p)[vslvi + Bia = 0, (4.5)

(2¢ + 3)[o1] + (4 — 3)[o3] = 0,
where
Bij = —qdi;(A+2u/3)(P1 + P2) + u®i(nin; — lil;) + pPa(mym; — Lil;).
System (4.5) admits the existence of only longitudinal dissipative discontinuities propagating at the velocities

o 1 (BA+2u)(4¢> + 12¢ +9) 2o H (B\ +2u)(16¢° — 24q +9)
3p 4¢*(BA+2p) + 9 3p 2(BA+2u) +3p

For ¢ = 0, these relation lead to the well-known values ¢? = (A +2u/3)/p [4, 14]. As above, the necessary condition
for the existence of such discontinuities is the collinearity of the normal v to one of the principal axes of the stress
tensor.

Let the stress state of the medium correspond to the edge of the Coulomb—Mohr pyramid formed by the
intersection of its face and base. To obtain the system of discontinuity equations for this case, it is sufficient to
supplement relation (4.1) by the equality 0 = —¢(7). In this case, the conditions on the prestress state for the
occurrence of dissipative discontinuities remain the same as on the face of the pyramid. For the velocity jumps [v;]
on the combined discontinuity surface, relations (4.3) remain valid; the propagation velocities of such discontinuities
take the values

2 M A@' (3N +2p)(4¢% + 12+ 9)
p (BN +2u)(—4q2 A’ — 12qAp’ + 1) + 9AY (4\ + 3p)’

2 H Ap'(3A\ +2p1)(4¢* — 129 +9)
p (BX+2u) (42 Ap’ — 12qAp’ — 1) + 9AY (4\ + 3p)’
2ok Ap'q*(3) + 2p1)

T p (BA+2u)(—q? A’ + i) — 9AY' (A + 1)’
For the longitudinal-discontinuity surfaces, we have

2o 1 BAF20)EP A + 69 A¢" — ) + A (A + p)
3p (¢ Ap’ — p)(3A + 2p) + 3uAy/

2 1 BA+2)(Eg? A — 6gA¢" — ) + 94 (A + 1)
3p (2 Ap’ — p1)(BA +2pu) + 3p Ay’ ’

2o 1 BAE20)EP A —dp) + 9AY (A + 2p)

3p (P Ap’ — p)(3A +2p) + 3uAy/
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If the stress state of the medium corresponds to the singular point of the pyramid (1.4) formed by the
intersection of its edge and bottom, the system of discontinuity equations is obtained by setting o = —¢(7) in
relations (4.4). In this case, only longitudinal discontinuities can propagate at the velocities

o AP (BN +2u)(4¢7 — 129 +9)

© 7 30 (304 20) (42 Ag’ — p) + Qu Ay’

2k A’ (3X +2u)(16¢% + 24q + 9)
3p (3 +2u)(4g2 A — 1) + 9uAp’

Conclusions. Thus, accounting for plastic compressibility not only allows one to refine the propagation
velocities of discontinuity surfaces but also leads to a considerable increase in the number of possible discontinuities
that can propagate at different velocities. In other words, if one discontinuity surface arises in a plastically incom-
pressible medium, accounting for compressibility leads to the occurrence of a combination of two discontinuities
moving at different velocities. However, the conditions for the occurrence of discontinuities used as constraints on
prestress mainly coincide with the similar restrictions formulated in the classical Prandtl-Reuss models [4, 14]. In
this case, they are proved to be identical for both the cases of the Coulomb—Mohr pyramid and the Ishlinskii-Ivlev
pyramid.
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06-01-96005-r-vostok-a).

REFERENCES

1. H. A. Rakhmatulin and Yu. A. Dem’yanov, Strength under Short-Term High Loads [in Russian], Fizmatgiz,
Moscow (1961).

2. J. Mandel, “Plastic waves in an unbounded three-dimensional medium,” in: Mechanics (collected scientific
papers) [Russian translation], No. 5, 119-141 (1963).

3. A.D. Chernyshev and A. E. Limarev, “On shock-wave propagation in a hardening elastoplastic medium,” Prikl.
Mat. Mekh., 35, No. 6, 1083-1088 (1971).

4. G. I. Bykovtsev and L. D. Kretova, “Shock-wave propagation in elastoplastic media,” Prikl. Mat. Mekh., 36,
No. 1, 106-116 (1972).

5. B. A. Druyanov, “Strong discontinuities in compressible plastic media,” in: Rheological Models and Deformation
Processes of Porous, Powder, and Composite Materials [in Russian], Naukova Dumka, Kiev (1985), pp. 23-33.

6. V. N. Kukudzhanov, “Nonlinear waves in elastoplastic media,” in: Wave Dynamics of Machines [in Russian],
Institute of Machine Science, USSR Academy of Sciences, Moscow (1991), pp. 126-140.

7. V. M. Sadovskii, “Toward a theory of the propagation of elastoplastic waves in strain-hardening media,” J. Appl.
Mech. Tech. Phys., 35, No. 5, 798-804 (1994).

8. A. A. Burenin, G. I. Bykovtsev, and V. A. Rychkov, “Velocity discontinuity surface in the dynamics of ir-
reversibly compressible media,” in: Problems of Continuum Mechanics (collected papers dedicated to the 60
anniversary of Academician V. P. Myasnikov) [in Russian], Institute of Automation and Control Processes, Far
East Division, Russian Academy of Science (1996), pp. 106-127.

9. D. D. Ivlev and T. N. Martynova, “On theory of compressible ideally plastic,” Prikl. Mat. Mekh., 27, No. 3,
589-592 (1963).

10. S. S. Grigoryan, “On the main concepts of soil dynamics,” Prikl. Mat. Mekh., 24, No. 6, 1052-1072 (1960).

11. A. Yu. Ishlinskii, “Hypothesis of distortion strength,” Uch. Zap. Mosk. Gos. Univ., No. 46, 104-114 (1940).

12. D. D. Ivlev, Theory of Ideal Plasticity [in Russian], Nauka, Moscow (1966).

13. G. I. Bykovtsev and D. D. Ivlev, Plasticity Theory [in Russian], Dal’'nauka, Vladivostok (1998).

14. V. M. Sadovskii, Discontinuous Solutions in Problems of the Dynamics of Elastoplastic Media [in Russian],
Fizmatlit, Moscow (1997).

15. G. I. Bykovtsev and V. A. Rychkov, “Constitutive equations of plastically compressible media,” in: Applied
Problems of Mechanics of Deformable Media [in Russian], Izd. DVO AN SSSR, Vladivostok (1991), pp. 49-56.

885




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 225
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


